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Abstract. This study explores local plausible reasoning in solving inequality tasks. The study 
was conducted to 78 students of mathematics education major from a university in Surabaya, 
Indonesia. Data were collected through written tasks and interviews. The data were analysed 
by a constant comparative method. The results of the study were the characteristics of local 
plausible reasoning shown by these behaviours: (1) students applied plausible reasoning in the 
local part of task solving or (2) students involved a conceptual understanding or a relational 
understanding in a few part of entirely argumentations. Educators can overcome the students‟ 
behaviours by designing a meaningful learning strategy which develops students‟ plausible 
reasoning in the whole of task solving.    
1.  Introduction 
Existing studies about plausible reasoning (PR) have been widely documented in the literature [1-5]. 
Those studies relate to task solving. The result showed that a majority of students did not involve PR. 
In fact, PR is an essential competency to be applied in conjecturing, problem solving, and proving. 
Polya [6] used the term PR to differentiate a more reasonable guess from a less reasonable guess. 
Meanwhile, Lithner [7] analysed the qualities of mathematical reasoning into 2 categories, namely PR 
and reasoning based on established experience (EE). Lithner [8, 9] added 2 new categories, namely 
local plausible reasoning (LPR) and global plausible reasoning (GPR). Thus, there are 4 types of 
mathematical reasoning, namely EE, LPR, GPR, and PR. The qualities of mathematical reasoning are 
not focused on a right or wrong answer, but they focus on the process of argumentations during task 
solving. Relating to Lithner‟s idea, the authors define EE as reasoning by giving argumentation based 
on ideas and procedures constructed from student‟s previous experience without deep understanding. 
This understanding refers to conceptual understanding [10] or relational understanding [11]. 
Meanwhile, PR is defined as reasoning by giving argumentation based on intrinsic mathematical 
properties. LPR is defined as PR applied locally in the whole of task solving, whereas GPR is defined 
as PR applied globally in the whole of task solving. 
The intrinsic property is relevant to task solving or is accepted by mathematical society as a 
correct. It is vital in particular contexts and situations [8, 9]. The intrinsic property is opposite of a 
surface property. The surface property has no or little relevance to task solving. It is not the principal 
part of task solving because it does not consider the understanding of mathematical ideas. As an 
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the fraction is an intrinsic property, but the numerical values (7, 16, 3, and 5) are a surface property 
which is insufficient to be considered in the task solving. An argumentation is based on a surface 
property such as “
 
  
 is greater than 
 
 
 because 7 and 16 are greater than 3 and 5”, whereas an 
argumentation is based on an intrinsic property such as “since 
 
  
 is equal to        and 
 
 
 is equal to 
   , 
 
 
 is greater than 
 
  
.” Other examples of argumentations based on intrinsic mathematical properties 
such as (1) “because in the fraction 
 
  
 the value of the numerator is less than a half of the denominator, 
so the value of 
 
  
 is less than 
 
 
. Whereas in the fraction 
 
 
 The value of the numerator is greater than a 
half of the denominator, so the value of 
 
 










In the fraction task, student may get a true answer, but his/her argumentation based on established 
experience without deep understanding. For instance, “according to my teacher‟s explanation, the task 






 so that it is obtained        and 
       . Because    is less than   , so 
 
  
 is less than 
 
 
.” Student only applies the rule and cannot 
give a reason conceptually. In this case, the student‟s reasoning is EE. 
The results of several earlier studies on the qualities of mathematical reasoning indicated that many 
students used EE or LPR rather than GPR or PR [7-9]. Most students did not consider the intrinsic 
mathematical property in mathematical task solving. Those studies only identified the qualities of 
mathematical reasoning, but they did not examine the characteristics of LPR. Therefore, the aim of 
this study is to reveal LPR in the inequality task solving. 
The inequality concept underlies the understanding of the concept in almost all mathematical fields 
[12]. Students who do not understand it clearly may lead to a great difficulty when dealing with 
concepts such as function, monotonicity and concavity. If students understand the inequality concept 
well, the tasks become easier to be solved. On the contrary, it is difficult for students to make sense the 
inequality concept.  
The finding presented in this study will expand educators‟ knowledge about students‟ reasoning in 
the inequality task solving. This study is significant because it provides a contribution associated with 
the characteristics of LPR. The finding can be used by educators as a guide in designing the learning 
strategies or learning tools to improve students‟ LPR.  
2.  Literature review 
Reasoning has become an essential topic to be promoted to students [13]. Students need to apply their 
reasoning in order to gain success in mathematics learning and mathematical task solving. By applying 
reasoning, mathematics can be meaningfully understood. Yet, the fact is that many students do rote 
learning. Students learn by memorising without knowing the meaning and the reason why a rule or a 
procedure works. Ultimately, their learning process becomes meaningless. 
Reasoning can be seen as thought process, the product of thought process, or both [14]. In this 
study, the reasoning refers to the thinking process. The reasoning is the line of thinking used by 
someone to produce statements and reach a conclusion in task solving. To solve a mathematical task, a 
student can solve a set of subtasks which have the different character. The mathematical task can be 
categorised into two types, i.e. an exercise (a routine task) or a problem (a non-routine task). A 
mathematical task is classified as a problem if a student understands the mathematical task and desires 
to solve it (challenging to solve the task), but the complete solution scheme is not available 
immediately on the student‟s mind. While if the student has a complete procedure solution (a complete 
solution scheme) immediately, then the mathematical task is considered as a routine task. The routine 
task frequently can be solved by the direct application of one or more algorithms. The term algorithm 
means that a systematic procedure to solve a mathematical task. 
Lithner [8, 9] defines PR in mathematical task solving if the argumentation: (i) is based on intrinsic 
mathematical properties of the component involved in the reasoning, and (ii) is intended for guiding 
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EE LPR GPR PR 
Figure 1. Continuum of mathematical reasoning 
toward what probably is the truth, without necessarily complete or correct. The component relates to 
mathematical objects (e.g. facts, concepts, definitions, operations, principles, or procedures) and 
heuristic. Reasoning in mathematical task solving is called as EE if the argumentation: (i) is based on 
the ideas and procedures established by the one's previous experience of the learning environment, and 
(ii) is intended for guiding toward what probably is the truth, without necessarily complete or correct 
[7-9]. Condition (ii) in the definition of EE is same as in the definition of PR because the goal of the 
reasoning is the same. The fundamental difference between the definition of PR and EE is on the 
argumentation as described by the condition (i). Generally the argumentation in EE is the transfer of 
property from one situation of familiar task solving to another situation that has some similarity. EE is 
superficial reasoning, while PR is mathematically well-founded reasoning [9]. 
PR and EE are the extension of analytical thought process and pseudo-analytical thought process 
introduced by Vinner [15]. The analytical thought process occurs when students faces a structure of a 
complicated problem and their scheme does not reach it, so they will solve the problem into simpler 
parts that can be reached out. The difference between the analytical thought process and PR is the 
degree of certainty in reasoning. The degree of certainty in PR is higher than the analytical thought 
process. Whereas, the difference between pseudo-analytical thought process and EE is on the degree 
of analyticity. The pseudo-analytical thought process is not the analytical thought process, but EE has 
little bit analytical thought content. Students who apply the pseudo-analytical thought process may 
produce a wrong or right solution. 
Other types of mathematical reasoning are LPR and GPR. The difference between LPR and GPR is 
the range of PR, whereas the similarity is the existence of PR. GPR relates to applying PR globally 
from the entirely solution, while LPR relates to applying PR locally from the entirely solution. If a 
mathematical task is impossible to be solved by EE, LPR, or GPR, then PR in the entirely solution 
needs to be applied. 
The authors further make the position of Lithner‟s reasoning characterisation based on the lens of 
PR in the whole of task solving. It includes EE, LPR, GPR, and PR. These four types of mathematical 
reasoning are a continuum. It can be illustrated in a straight line as presented in Figure 1. The two 
extremities of reasoning are EE and PR. EE is opposite of PR. PR represents the peak of reasoning 
with a rich network of argumentations based on intrinsic mathematical properties, whereas EE 
represents the lowest reasoning with argumentations based on the ideas and procedures from previous 






3.  Method 
This exploratory study with a qualitative approach was undertaken to second-year students of a private 
university located in Surabaya, Indonesia. The participants were 78 students, consisting 63 females 
and 15 males. The participants‟ age ranged from 18 to 20 years. All the participants were students of 
mathematics education major who attended multivariate calculus course. Data were obtained by giving 
an instrument of task sheet which consists 3 items of inequality tasks as shown in Figure 2. The 
participants solved the inequality tasks independently. Some notes were taken by the authors during 








Find the set of all real numbers 𝑥 which satisfies the following inequality tasks. 
Task 1.  𝑥 ≤           Task 2. 𝑥 < 2𝑥                     Task 3. 2 −  𝑥 <    − 2𝑥  
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An interview was carried out for collecting data of students‟ argumentation. The authors recorded 
the students‟ conversation and behaviour during the interview. Further, the authors transcribed the 
recording of the interview. The authors analysed the data using a constant comparative method. It is 
called the constant comparative method because in this study the data analysis compares the data with 
the other data constantly, and then it compares the category with the other categories regularly [16, 
17]. The method was done to get the characteristics of LPR. 
4.  Results and discussion 
Distribution of students‟ reasoning in solving inequality tasks is shown in Table 1. In all tasks, many 
students applied LPR. The highest proportion of LPR was given in Task 3 (53% of the students), 
whereas the lowest proportion of LPR was given in Task 1 (38% of the students) and 44% of students 
applied LPR in Task 2. It is noteworthy that a few students applied PR in the whole solution of each 
task (17%, 10%, 6%).  
 








The construction of LPR is next analysed based on students‟ responses in each task separately. 
Following the authors report and discuss the analysis of each task. In Task 1, many students 
considered intrinsic mathematical properties in the local part of task solving. For instance, S1 
factorised    ≤   to     ≤  . Subsequently, S1 used her previous knowledge about the solution 
procedure of the equation to the solution procedure of inequality so that it is obtained    ≤   or 
 ≤      ≤   or  ≤  ). S1 determined the solution set of Task 1, i.e. {    ≤      }. S1‟s 









S1 applied PR locally on the part of the whole solution, i.e. involving the concept of factorisation. 
S1‟s argumentation related to applying the solution procedure based on her previous experience. If it is 
viewed from Vinner‟s terminology [15], S1 only identified the superficial similarity between the 
solution procedure of        and the solution procedure of     ≤  . S1 did not understand that 
the solution procedure in the domain of the equation could not be applied in the domain of the 
inequality. This could result in the improper solution procedure. According to Tall‟s terminology [18-
20], S1 did not realise that the met-before of the solution procedure in the domain of the equation does 
not work in the domain of the inequality. In other words, a problematic met-before occurred when S1 
used met-before outside the domain of validity. Here is the excerpt of S1‟s argumentations in the 
interview process. 
 
R: Your solution set of Task 1 is {    ≤      }. How can it be? 
S1: I factorised    ≤   so that I got     ≤  . At this moment, I faced a problem because I 
did not know how to solve it. After I recalled my previous experience, I knew how to 
Inequality 
task 
Frequency (percentage) of students‟ reasoning 
Total 
EE LPR GPR PR 
Task 1 18 (23%) 30 (38%) 17 (22%) 13 (17%) 78 (100%) 
Task 2 25 (32%) 34 (44%) 11 (14%) 8 (10%) 78 (100%) 
Task 3 12 (15%) 41 (53%) 20 (26%) 5 (6%) 78 (100%) 
Figure 3. S1’s written answer to Task 1 
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proceed. I considered the way of equation solving to be applied in the inequality solving. I 
got   ≤   or  ≤  . For   ≤   will be  ≤  . Because the last part of the solution is 
 ≤   or  ≤  , so the solution set is  ≤  . 
R: How did you guarantee that your way worked? Justify it. 
S1: I often used this way to solve inequality. This way is same as a way to solve inequality.  
R: How do you convince that your answer is correct?  
S1: I was sure that my answer was correct because I used my previous knowledge about the 
way of equation solving. 
Note. R = Researcher 
 
In Task 2, an example of student‟s LPR is represented by S2 behaviour. S2 added both sides of 
  <   by −2  so that it is obtained   − 2 <  . S2 factorised   − 2 <   to    − 2 <  . S2 
solved    − 2 <   by following the solution procedure from his teacher without relational 
understanding. S2 determined the values for which each factor is zero, i.e.     or   2. S2 made 
three intervals on a real number line, i.e.  −         2   or  2   . S6 tested the values of   at each 
interval. S2 substituted each of the values    −      , and     to         − 2  so that it is 
obtained   −     (positive),      −  (negative), and        (positive). Since    − 2 <   
has a negative value, S2 decided {    <  < 2    } as the solution set of Task 2. S2‟s written 













S2 applied PR locally on the part of the whole solution, i.e. involving the rule of adding both sides 
of the inequality by an expression and the concept of factorisation. S2 understood the rule and the 
concept. For the next solution steps, S2 applied the solution procedure based on his previous 
experience from his teacher or textbook. S2 only followed the solution procedure of inequality without 
knowing the reason why the procedure worked. In this task, S2 got the correct answer, but he was 
unable to show a right reasoning. According to Vinner‟s terminology [15], his thought process is 
categorised as pseudo-analytical. S2‟s argumentations which support the response are shown in the 
following excerpt. 
 
R: How did you get the solution set of Task 2? Explain it. 
S2: I did it because I have memorised the solution procedure of the inequality. I have learned it 
from my teacher. I change the symbol “ ” by “ ” for finding the values of  . It can be 
determined the values for which each factor is zero. 
R: Why can you change the symbol “ ” by “ ”? Justify it. 
S2: I got the solution procedure of inequality from my teacher. My teacher said that to solve 
inequality task, we change the symbol of inequality by the symbol of the equation. I also 
studied the solution procedure of inequality in the textbook.  
R: Any other reasons? Convince me that your procedure works. 
S2: I do not know, sir. I only apply the procedure from my learning experience. 
R: How do you convince that all values in  <  < 2 satisfy Task 2?  
Figure 4. S2’s written answer to Task 2 
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S2: I was very sure that my answer is correct because my teacher said that to find the solution 
set of the inequality we can do test value in the interval and take one value. If one value of   
satisfies the inequality, we decide all values in the interval as the solution. Because for 
testing the value of x=1 in the  <  < 2 satisfied the Task 2, so all values in  <  < 2 
also satisfy Task 2. 
 
In Task 3, an example of student‟s LPR is represented by S3 behaviour. S3 simplified 2 −   <
   − 2   to 2 −   <  −    by applying the distributive property of multiplication over addition. 
Afterwards, S3 grouped the expression on the left-hand side of the inequality, while the quantity was 
grouped on the right-hand side of the inequality. By applying the rule “moving side mean changing 
sign”, S3 simplified the solution process so that it is obtained  < 2 as the last part of the solution. 
This rule is often done by S3 on the solution of inequalities. This indicates that S3 only focuses on 
imitating the rule that has been taught by her teacher without the effort of relational understanding. S3 
faced a problematic situation. S3 thought for a few minutes and solved task again. S3 was unable to 
continue the last step of the solution. S3 revealed that there is no solution for Task 3 because the 












S3 could not find the solution set of Task 3 because her conceptual understanding was poor. S3 did 
not conduct a controlled association in her reasoning process so that she failed to evaluate her 
reasoning. This reasoning association mechanism which involves the uncontrolled reaction and 
association without understanding is called as the uncontrolled association [15]. Actually, all real 
numbers   satisfies 2 −   <    − 2  . In other words, the solution set of Task 3 is a real number 
set. Here is the excerpt of S3‟s argumentations in the interview process. 
 
R: Could you explain your solution to Task 3? 
S3: I distributed the right-hand side of 2 −   <    − 2   so that it was obtained 2 −   <
 −   . I grouped the variable and the number to the left-hand side and right-hand side, 
respectively. I used the rule moving side mean changing the sign. I operated and got the 
result  < 2. 
R: How did the rule moving side mean changing the sign work? Give reason. 
S3: I often solved inequalities tasks. The rule is always like that. I got it from my teacher in the 
past. 
R: Could you convince that your answer is correct? 
S3: (The student is quiet for a few minutes and try to solve Task 3 again) I was not sure, sir. I 
got stuck. I could not solve the task because there is no variable   in the last solution. I was 
confused to determine the solution set. The task was strange. 
 
The constant comparative method was used to analyse the data of students‟ LPR so that it was 
obtained the same characteristics of LPR. The characteristics were that (1) students applied plausible 
reasoning in the local part of task solving or (2) students‟ argumentations were mainly founded on 
their previous experience by considering a few conceptual understanding or relational understanding. 
Translation: 
The task has no solution because 
there is no variable 𝑥. 
Figure 5. S3’s written answer to Task 3 
7
1234567890
AD INTERCOMME IOP Publishing









In general, the structure of LPR in task solving can be illustrated in Figure 6. The orange and purple 
circles represent argumentations, and the lines joining the argumentations represent the relationship or 
connections between argumentations. The purple circle is an argumentation based on intrinsic 
mathematical property, whereas the orange circle is an argumentation based on ideas and procedures 














These results extend previous results [1-9] to a new situation, namely exploring the characteristics 
of local plausible reasoning rather than investigating students‟ difficulty or misconception. Besides, 
the present study showed that the highest percentage of students‟ local plausible reasoning was given 
in the inequality task which has a real number set as the solution set. Such task was called by the 
students as a strange task or an undefined task. Students experienced an extreme difficulty. Some 
students stated that (1) the value of   cannot be determined, (2) the task cannot be solved, or (3) the 
task has no solution set. The finding is accordance with the results of existing studies [2, 3] which 
reported that an inequality producing a real number set for the solution is very problematic for 
students. Another finding of the present study is that some students had an intuitive belief that 
equations and inequalities can be solved by the same procedures. The finding is consistent with earlier 
studies [4, 5] which reported that the effect of the intuitive belief solving inequalities and equations are 
the same was extensively evident in many students‟ solution. 
For educational implications, a meaningful learning strategy seems to be an effective way to teach 
and learn the inequality concept. By the meaningful learning strategy, students can understand the new 
knowledge well by relating to their existing knowledge. Students‟ reasoning process is developed 
through the process of meaningful learning [21]. In addition, a process-oriented instruction can be 
implemented in mathematics classrooms to promote students‟ mental models. It is an instructional 
model in which students are taught thinking strategies to construct, modify and utilise their knowledge 
or mental models [22].  
In this study, some students used their gesture to clarify their reasoning. For further research, it is 
crucial to examine the contribution of gestures toward students‟ reasoning. This is supported by the 
fact that gestures can be utilised as a tool for reasoning [23-25]. The influence of gender is not 
investigated in this study. Therefore, comparisons of students‟ local plausible reasoning ability based 
on gender differences are possible in a future study. 
5.  Conclusion 
In summary, the present study showed that the proportion of local plausible reasoning was dominant. 
Most students focused on mimicking the rules or procedures without understanding the inequality per 
se. Moreover, students did not realise the mistake in applying the solution procedure of the equation to 
the solution procedure of inequality. Therefore, in the instructional process educators should train and 
develop students‟ plausible reasoning optimally. Students need to be familiarised for explaining the 
process of task solving, justifying the steps of task solving (i.e. giving reasons why the students think 
or answer like that, why students use this strategy, or why the rule/procedure works), and convincing 
Figure 6. Structure of local plausible reasoning in task solving 
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the truth of the obtained results. In addition, educators also can provide scaffolding for students who 
apply local plausible reasoning in order to have plausible reasoning in the whole of solution task. 
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